a b s t r a c t T -independence of fuzzy variables is a more general concept than the classical independence. The objective of this study is to deal with some new properties of Tindependent fuzzy variables. First of all, for any general t-norm, some criteria of Tindependence are discussed for fuzzy variables under possibility, necessity and credibility measures. Subsequently, on the basis of left continuous t-norms, some formulas are derived on the ''max'' and ''min'' operations of the T -independent fuzzy variables in possibility distribution and in expectation. Finally, making use of continuous Archimedean t-norms, several convergence properties are discussed for T -independent fuzzy variables in credibility and in expectation, respectively, and some laws of large numbers are proved as well.
Introduction
Possibility theory introduced by Zadeh [1] in 1978 nowadays has become the theoretical framework to study possibilistic uncertainty (see [2] [3] [4] [5] ), and a fundamental approach to modeling fuzzy optimization problems (see [6] [7] [8] ). Fuzzy variable, as a kernel concept in the possibility theory, was for the first time introduced by Kaufmann [9] , and was further formulated within an axiomatic approach of possibility by Nahmias [10] . Various kinds of properties on fuzzy variables depend to a large extent on their operations. While the operations of fuzzy variables or fuzzy numbers are determined essentially by the independence they own, which often is in terms of extension principle in real applications. The independence is critical to fuzzy variables. The classical independence of fuzzy variables was defined by the minimum t-norm. Nevertheless, several researches in the past two decades show that the minimum t-norm based extension principle (min-independence) is not always the optimal way to combine fuzzy numbers (e.g., image processing [11, 12] , measurement theory [13, 14] , fuzzy control [15, 16] , and other areas [17, 18] ). The operations associated with different kinds of t-norms may be required for the fuzzy numbers in different specific applications and situations. Replacing the ''min'' operator (or denoted ''∧'') with a general t-norm ⊤, we get a generalized independence, namely, T -independence (see [2] ). For more studies on t-norms, one may refer to Fodor and Rudas [19] , Klement et al. [20, 21] , and Schweizer [22] . In this paper, our focus is mainly on the following aspects of properties for T -independent fuzzy variables:
(1) Independence criteria. Several independence criteria with the minimum t-norm have been discussed by Li and Liu [23] , Liu [24] , and Liu and Gao [25] under the possibility, necessity and credibility measures. This paper aims to derive some more general independence criteria for fuzzy variables, namely T -independence criteria, by considering any general t-norm.
(2) Operations. The multiplications of T -independent fuzzy numbers has been discussed by Hong [26] , where he showed that the weakest t-norm is the only t-norm which induces a shape preserving multiplications of L-R fuzzy numbers. Mesiar [17] studied the t-norm-based additions preserving the L-R shape of L-R fuzzy intervals. In the present paper, we deal with the ''max'' and ''min'' operations of T -independent fuzzy variables. The formulas of possibility distribution and expected value for T -independent fuzzy variables under those two operations will be derived, respectively.
(3) Convergence. In the literature, some results on the convergence of T -related (or, T -independent) fuzzy numbers have been given with respect to (w.r.t.) necessity measure. Fullér [27] proved a law of large numbers for T -related symmetric triangular fuzzy variables with common spread by using necessity measure, where ⊤(u, v) ≤ uv/(u + v − uv) for all 0 ≤ u, v ≤ 1. Triesch [28] extended the results of Fullér [27] , and studied some laws of large numbers for sequences of mutually T -related L-R fuzzy numbers, respectively, where ⊤ belongs to a class of continuous Archimedean t-norms. Also utilizing necessity measure and continuous Archimedean t-norms, Hong and Ro [29] further generalized the results of [28] to fuzzy numbers with unbounded supports. Developing the ideas of [29] , this paper further discusses the limit theorems for the sum of T -independent fuzzy variables. Making using of continuous Archimedean t-norms, we derive some convergence properties in credibility measure and in expectation, respectively, and eventually establish some laws of large numbers. This part of results can be regarded as a generalization of [29] .
The paper is organized as follows. Section 2 recalls some basic concepts on credibility measure and fuzzy variable. In Section 3, we discuss the criteria of T -independence for fuzzy variables. Section 4 discusses the ''max'' and ''min'' operations of T -independent fuzzy variables in possibility distribution and in expectation. In Section 5, we deal with the convergence theorems for the sum of T -independent fuzzy variables. Finally, a brief conclusion is drawn in Section 6.
Preliminaries
Given a universe Γ , let Pos be a set function defined on the power set P (Γ ) of Γ . The set function Pos is said to be a possibility measure if it satisfies the following conditions (1) Pos(∅) = 0, and Pos(Γ ) = 1;
, where I is an arbitrary index set. Triplet (Γ , P (Γ ), Pos) is called a possibility space, which was also named a pattern space by Nahmias [10] . Necessity measure, denoted Nec, is the dual set function of the possibility measure, which is defined by Nec(A) = 1 − Pos(A c ), where A c is the
Self-duality is indispensable to an optimization criterion in many practical situations (see [30] [31] [32] [33] ). However, neither possibility measure nor necessity measure is self-dual. Based on the possibility measure, a self-dual set function, named credibility measure, was presented by Liu and Liu [34] as follows:
where A c is the complement of A. The credibility measure has the following basic properties (see [24] ):
(1) Cr(∅)=0, and Cr(Γ ) = 1. (2) Monotonicity: Cr(A) ≤ Cr(B) for all A, B ∈ P (Γ ) with A ⊂ B.
A fuzzy variable ξ is defined as a function from a possibility space (Γ , P (Γ ), Pos) to the set of real numbers ℜ (see [10] ). The possibility distribution of ξ , denoted by µ ξ , is defined by µ ξ (t) = Pos{γ ∈ Γ | ξ (γ ) = t}, t ∈ ℜ, which is the possibility of event ξ = t. Using possibility distribution, the credibility of event ξ ≤ r can be given by
For a fuzzy variable ξ on the possibility space (Γ , P (Γ ), Pos), the expected value of ξ is defined by Choquet integral as follows (see [34] ):
provided that one of the two integrals is finite. Moreover, the expected value of ξ is said to be finite provided By Eqs. (2) and (3), we can compute the expected value of ξ is
For fuzzy variable sequences, we have the following convergence mode (see [24] ). Suppose that {ξ n } is a sequence of fuzzy variables defined on the possibility space (Γ , P (Γ ), Pos). We say that the sequence {ξ n } converges to ξ in credibility
for any ϵ > 0. In that case we write ξ n Cr −→ ξ . [20] ):
T -independence criteria
The associativity (T2) allows us to extend each t-norm ⊤ in a unique way to an n-ary operation in the usual way by induction, defining for each n-tuple (
Particularly, fuzzy variables ξ 1 , . . . , ξ n are T -independent if
for any subsets B 1 , B 2 , . . . , B n of ℜ.
For T -independent fuzzy variables ξ k for k = 1, 2, . . . , m, with possibility distributions µ k , and a function g :
which is usually called (generalized) Zadeh's extension principle in the literature.
The following proposition gives a basic property of the T -independent fuzzy variables. 
. . , ξ n are T -independent fuzzy variables, for any 
. , ξ n are T -independent if and only if
Proof. Recall the properties of t-conorm ⊥, for any subsets
From Eq. (4) and the arbitrary of B k , k = 1, 2, . . . , n, we can deduce that Eq. (6) is equivalent to the T -independence of fuzzy variables.
Remark 1. If the t-norm ⊤ in Theorem 1 is taken as the minimum t-norm, whose t-conorm is the maximum t-norm, then
Eq. (4) degenerates to
That is the classical independence of fuzzy variables [25] .
Theorem 2. Let ⊤ be a t-norm. Then fuzzy variables ξ 1 , ξ 2 , . . . , ξ n are T -independent if and only if
Proof. We note that for any A ∈ P (Γ ),
Replacing each Pos{·} in Eq. (4) with 2Cr{·} ∧ 1 proves the theorem.
Remark 2. If the t-norm ⊤ in Theorem 2 is the minimum t-norm, then Eq. (7) degenerates to
That is just the classical independence of fuzzy variables [24, 25] . 
Proof. By Theorem 2, the fuzzy variables ξ 1 , ξ 2 , . . . , ξ n are T -independent if and only if
By the self-duality of credibility measure, we have
Furthermore, it follows from the properties of t-conorm ⊥ that
The proof of the theorem is complete.
Remark 3. If the t-norm ⊤ in Theorem 3 is taken as the minimum t-norm, then Eq. (8) degenerates to
for any subsets B 1 , B 2 , . . . , B n of ℜ. That is also the classical independence of fuzzy variables [25] .
For the T -independence of functions of fuzzy variables, we have the following results.
Theorem 4.
Let ⊤ be a t-norm, and g k for k = 1, 2, . . . , n be real-valued functions on ℜ. If ξ k for k = 1, 2, . . . , n are Tindependent fuzzy variables, then g k (ξ k ) for k = 1, 2, . . . , n are T -independent fuzzy variables. 
. . , η p are T -independent fuzzy variables. The theorem is proved.
Example 2. Suppose ξ 1 , ξ 2 , . . . , ξ 8 are T -independent fuzzy variables. Then, by Theorem 5, we know the following new fuzzy variables
are also T -independent.
Max-min operations
In this section, we shall derive some results on ''max'' and ''min'' operations of T -independent fuzzy variables in possibility distribution and in expectation, respectively.
Max-min operations in possibility distribution
Lemma 1 ([20] 
where ⊤ n i=n µ i (z) = ⊤(µ n (z), 1) = µ n (z). Proof. We prove the theorem by mathematical induction. We note that fuzzy variables ξ 1 , . . . , ξ n are T -independent, when n = 2, by Zadeh's extension principle Eq. (5), we have
Noting that ⊤ is a left continuous t-norm, from Lemma 1, we obtain
The argument can be divided into the following three cases:
(A) z < m 1 . Since µ 1 and µ 2 are nondecreasing on (−∞, m 1 ), we have
Therefore,
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Combining the cases (A), (B) and (C) implies
As a consequence, the theorem is valid for n = 2. From Eq. (10), we can deduce that µ ξ 1 ∨ξ 2 is nondecreasing on (−∞
which is equivalent to
where
. By Eq. (11), we get that Eq. (12) holds for n = M + 1. Thus, it follows from the principle of mathematical induction that Eq. (12) holds for all n ≥ 2. The theorem is proved.
By the same reasoning, we can obtain the following theorem on ''∧'' operation of T -independent fuzzy variables. Since the proof is similar to that of Theorem 6, it is omitted here.
Theorem 7. Under the same condition as in Theorem 6, we have the possibility distribution of
From Theorems 6 and 7, we can get directly the following corollary. 
for any z ∈ ℜ.
Example 3. Assume that triangular fuzzy variables
are min-independent. By Corollary 1, we can easily obtain that the possibility distributions of ξ 1 ∧ ξ 2 ∧ ξ 3 and ξ 1 ∨ ξ 2 ∨ ξ 3 are µ ξ 1 ∧ξ 2 ∧ξ 3 (x) = µ ξ 1 (x), µ ξ 1 ∨ξ 2 ∨ξ 3 (x) = µ ξ 3 (x), respectively.
Max-min operations in expectation
Theorem 8. Under the condition of Theorem 6, the expected value of
Proof. From the proof of Theorem 6, the possibility distribution Pos
, and nonincreasing on [m n , ∞) with
By the definition, we have
for almost every z ∈ ℜ. On the other hand, we can similarly calculate
for almost every z ∈ ℜ.
Recall that
we break down the argument into the following three cases:
Case A. If 0 < m 1 , by (14) and (15) together with formula (9) of Theorem 9, we have
result (13) is therefore valid.
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which leads to (13) .
which implies that (13) is valid. The proof of the theorem is completed.
Theorem 9.
Under the condition of Theorem 6, the expected value of
Proof. By using formula (12) in Theorem 7, the proof is similar to that of Theorem 8.
Convergence
First of all, let us introduce some necessary knowledge of the Archimedean t-norm. A t-norm ⊤ is said to be Archimedean if ⊤(x, x) < x for all x ∈ (0, 1). Moreover, from [35] 
for all x i ∈ (0, 1), 1 ≤ i ≤ n, where f
Function f is called an additive generator of ⊤.
Example 4. Several useful continuous Archimedean t-norms:
(1) Yager t-norm (λ ∈ (0, ∞)):
(2) Dombi t-norm (λ ∈ (0, ∞)):
We now recall the concept of convex hull of a real function. Let E be a subset of ℜ, g a real function on E. In convex analysis (see [36] ), the convex hull of g on E, denoted co(g) E , is defined as
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where the infimum is taken over all representations of z as a (finite) convex combination
Convergence in credibility
Theorem 10. Suppose that ⊤ is a continuous Archimedean t-norm with additive generator f , {ξ k } is a sequence of T -independent fuzzy variables with possibility distributions µ ξ k (x) = Π(x − u k ) for k = 1, 2, . . . , where u k ∈ ℜ, Π is a nonnegative real function with Π(0) = 1, which is nonincreasing on ℜ + and nondecreasing on ℜ − . If co(f • Π) Ξ (r) > 0 for any r ∈ Ξ with Π(r) < 1, where Ξ is the support of Π, then for every ϵ > 0, we have
where l = inf{r | Π(r) = 1} and q = sup{r | Π(r) = 1}. Further,
to testify Eq. (19) , it suffices to prove
On the one hand, we know that Π(r) < 1 for any r > q. It has been proved by [29] that under the assumptions,
therefore, for any n ≥ 1 and ϵ > 0,
On the other hand, Π(r) < 1 for any r < l. By the same reasoning, we can deduce
As a consequence, we obtain
The first part of the theorem is proved.
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Next, we prove Eq. (20) . Since u = lim n→∞ (u 1 + · · · + u n )/n, there exists a positive integer N such that
The proof of the theorem is complete. 
Corollary 2. Suppose that ⊤ is a continuous Archimedean t-norm with additive generator f , {ξ k } is a sequence of T -independent fuzzy variables with possibility distributions
Further, if
Proof. Since Π is unimodal, we know l = q = 0, by Theorem 10, Eq. (19) can be written as
That is
Eq. (22) is proved.
The corollary is proved. 
Convergence in expectation
Proof. Letting X k = ξ k − u k and S n = ∑ n k=1 X k , the required result is then equivalent to
. . , and Π is unimodal, we know that
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On the one hand, for any r > 0, we have
Noting that fuzzy variables X k , k = 1, 2, . . . are T -independent and identically distributed, we can obtain
which implies that the following inequality holds for each n = 1, 2, . . . ,
Recall that E[ 
On the other hand, similarly, for any r < 0, we can obtain
and for each n ≥ 1,
Combining Eqs. (24) and (25) implies
Proof. We note that the following equality holds for each n,
and lim n→∞ (u 1 + · · · + u n )/n = u exists, Theorem 11 implies the required result.
Laws of large numbers
So far, we have obtained several convergence theorems of the sum of T -independent fuzzy variables. Applying those convergence properties, in this subsection, we shall establish some laws of large numbers. Proof. Letting S n = ∑ n k=1 (ξ k − u k ), by the subadditivity of credibility measure, we obtain for any ϵ > 0,
It follows from Corollary 2 and Theorem 11 that
respectively. Therefore,
which is a convex function on [−3, 6] . Thus, the convex hull of f < ∞. As a consequence, it follows from Theorem 12 that Proof. Denoting X k = ξ k − u k , k = 1, 2, . . . , we know that {X k } is a sequence of T -independent fuzzy variables with identical possibility distribution µ X k = Π, k = 
Concluding remarks
In this paper, we were devoted to study the properties of T -independent fuzzy variables. The major results obtained can be concluded as following three aspects:
(i) T -independence criteria. Considering any general t-norm, we derived some different but equivalent T -independence criteria for fuzzy variables in necessity measure and credibility measure (Theorems 1-3), and discussed the Tindependence of functions of fuzzy variables (Theorems 4 and 5). (ii) Max-min operations. Under the condition of left continuous t-norms, we proved two formulas on ''max'' and ''min'' operations of T -independent fuzzy variables in possibility distribution (Theorems 6 and 7), and obtain two results for ''max'' and ''min'' operations in expectation (Theorems 8 and 9). (iii) Convergence. On the basis of continuous Archimedean t-norms, we derived some convergence theorems of Tindependent fuzzy variables in credibility measure (Theorem 10) and in expectation (Theorem 11), respectively. Moreover, we proved some laws of large numbers for T -independent fuzzy variables (Theorems 12 and 13).
Several further studies could be considered by making use of the results obtained in this work. The max-min operation formulas can be applied to some fuzzy optimization problems. For instance, the max-min formulas in expectation can be used to calculate the expected lifetime analytically of fuzzy redundancy system, which previously can only be estimated by some time-consuming simulation approaches. In addition, by using the convergence results for the sum of T -independent fuzzy variables, we will discuss the fuzzy renewal process with T -independent interarrival times in our new studies.
